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Abstract. We study an abstract class of autonomous differential inclusions 
in Hilbert spaces and show the well-posedness and causality, by establishing the 
operators involved as maximal monotone operators in time and space. Then the 
proof of the well-posedness relies on a well-known perturbation result for maximal 
monotone operators. Moreover, we show that certain types of nonlinear boundary 
value problems are covered by this class of inclusions and we derive necessary 
conditions on the operators on the boundary in order to apply the solution theory. 
We exemplify our findings by two examples. 
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1 Introduction 



In this article we study differential inclusions of the form 

{u,f)edoM{dQ^)+A, (1) 

where Oq denotes the derivative with respect to time and A is assumed to be a maximal 
monotone relation in time and space. The bounded linear operator M{dQ^), also acting in 
time and space, is a so-called linear material law, as it was introduced in |15| . Since we are 
dealing with the autonomous case, the operator M{dQ^) and the relation A are assumed to 
commute with the temporal translation operator. We will show that under suitable conditions 
on M{dQ^) and A the problem ([1]) is well-posed, i.e. Hadamard's requirements on existence 
and uniqueness of a solution u and its continuous dependence on the given data / are satisfied. 
Moreover the issue of causality is addressed, meaning that the behaviour of the solution up to 
a certain time T just depends on the behaviour of the given right hand side up to the same 
time T. 

Originally this class of problems was discussed in |15| . where the relation A was given by 
a skew-selfadjoint spatial operator. There, well-posedness and causality were shown under 
a positive-definiteness constraint on the operator M{dQ^). Moreover, the abstract solution 
theory was applied to several examples of linear equations in mathematical physics. This 
solution theory was generalized by the author to the case of A being a maximal monotone 
relation in space in |27j . where M{dQ ) was of the particular form Mq + Oq Mi. We will adopt 
the proof for the solution theory presented in |27| to show the well-posedness of problems of 
the form ([T]). The proof mainly relies on the realization of the derivative do as a maximal 
monotone operator on an exponentially weighted L2-space (see e.g. \18\ I21| or Subsection 2.1 
of this article) and the application of a well-known perturbation result for maximal monotone 
relations (see Proposition 12. 4p . For the theory of maximal monotone relations we refer to 
the monographs [H [131 1231 El E]. Inclusions of the form ([1]) cover a large class of possible 
evolutionary problems, such as integro-differential equations [28], delay and neutral differential 
equations [7], certain types of control problems |201I19) and equations of mathematical physics 
involving hysteresis |27| . 

The article is structured as follows. In Section 2 we recall the definition of the time-derivative, 
of linear material laws and some basic facts on maximal monotone relations on Hilbert spaces. 
Moreover, we recall the notion of so-called abstract boundary data spaces (see |20j). which 
will enable us to formulate evolutionary equations with nonlinear boundary condition as an 
inclusion of the form dH). In Section 3 the solution theory for dH) is presented. In the remaining 
part of the article we consider a certain type of partial differential equations with nonlinear 
boundary conditions. Those problems occur for instance in frictional contact problems (see 
e.g. m |25l [TTl [To]) in the field of elasticity, where the boundary condition is given by a 
differential inclusion. In Subsection 4.1 we study an abstract nonlinear differential operator 
A, which is given by the restriction of a linear operator to elements, which satisfy the nonlinear 
boundary condition. We show that under certain constraints on the relation, which occurs 
in the boundary condition, the operator A gets maximal monotone and thus, the solution 
theory developed in Section 3 applies. We illustrate our results in Subsection 4.2. There, in 
a first example we consider the wave equation with an impedance-type boundary condition. 
This problem was originally considered in |17j and we show that it fits in our framework. 
The second example deals with the equations of visco-elasticity with a frictional boundary 
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2 Preliminaries 

condition, which is modehed by a differential inclusion on the boundary. A similar kind of 
this problem was considered in [S] for a cylindrical domain and antiplane shear deformations. 
Again we show that the equations are covered by our abstract inclusion ([TJ. 
Throughout every Hilbert space is assumed to be complex. Its inner product and its norm are 
denoted by (-j-) and | • |, respectively, where the inner product is assumed to be linear with 
respect to the second and conjugate linear with respect to the first argument. Moreover, for 
a Hilbert space H and a closed subspace V <^ H we denote by Try : H ^ V the orthogonal 
projection onto Then Py := TTyTTy : H ^ H is the orthogonal projector on V. 

2 Preliminaries 

2.1 The time derivative and linear material laws 

In this subsection we recall, how to establish the time-derivative as a normal, boundedly 
invertible linear operator and we recall the notion of linear material laws. For the proofs 
and more details we refer to [151 [71 [18]. Let H he a Hilbert space. For v > we define 
H^fiCK; H) as the space of measurable, valued functions on M, which are square- integrabl^ 
with respect to the exponentially weighted Lebesgue- measure /ij^ := exp(— 2z^ • )A, where by A 
we denote the one-dimensional Lebesgue measure. Moreover, we set Hu^q{M) := Hu^q(R;C). 
We define the operator 9o,v as the closure of the mapping 

where by C^(M) we denote the space of arbitrarily differentiable functions with compact 
support in R. Indeed, the operator (9o,iy turns out to be normal and continuously invertible 
and its inverse is given by 

t 

(d^^lu) (t) := J uis) ds {t G M) (2) 
— oo 

for each u G Hiy^Q{M.). Moreover ^itdo^i/ = v, which gives ||(9(^^|| < Indeed, one can show 
that the operator norm of 8^]^ is equal to i>~^ (see e.g. [7]). Moreover, equation ([2]) shows the 
causalitjH of d^], . 

Furthermore, we can give a spectral representation for 9o,v in terms of the so-called Fourier- 
Laplace-transform Ly : Hyi^{R^ — )• L2(]R), which is given by Ly := J-"exp(— z^m), where J- 

^Note that then the adjoint -Ky : \/ — >■ is just the canonical embedding. 

^Throughout we identify the equivalence classes with respect to equality almost everywhere with their repre- 
sentatives. 

^Let E,F be vector spaces and G : V{G) C _E* ^ F*'. G is called causal (cf. |8l), if for each a G R and 
f,g& T^{G) the implication 

(x(-o=,a](m) (/-(?) = 0) ^ (X(-oc.a](m) (G(/) - G{g)) = O) 

holds. By X{-oo.a](rn) we denote the multiplication operator with the cut-off function X{-oo,a], i-e. 

(X(-oo,a](m)/) (t) ■- X(-oo.a]{t)f{t). 
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2.2 Maximal monotone relations 



denotes the Fourier-transform in L2(]R) given by the unitary extension of 
{J^(t)) (x) := -i= J 0(y) exp{-ixy) dy (x G M, € 

and exp(— z^m) : Hiy^oiM) — t- L2(K) is defined by (exp(— (t) = exp{—i't)u{t). Clearly, 
exp(— i/m) is a unitary operator and so is C^. Using the well-known spectral representation of 
the weak derivative on L2(M) via the Fourier-transform J^, we get that 

du,o = K + ^)^u, (3) 

where m : T){m) C L2(]R) — )■ L2(M) denotes the multiplication-by-the-argument operator with 
maximal domain, i.e. (m/) [t) := tf{t) for all / € T>{m) = {5 G -L2(M) | (x 1— ?• xg{x)) G L2(M)} 
and i £ M. Note that the operators d^^y and can be extended to Hyfl{K; H) = Hu^q{W) (S) H 
in the canonical way. 

Next we consider a bounded strongly measurable mapping M : ^) — )■ L{H), where 

Bc{x, r) denotes the open ball in C around the center x G C with radius r > 0. We define the 

bounded linear operator M ( .^^^ j : ^2(1^; H) — )• L2(1R; H) by setting 



The spectral representation ([3]) of the derivative d^^y now leads to the definition of the linear 
and bounded operator M {d^j^ := C^M (j^) Cu : -??^,o(K; H) ^ F^,o(M; H). If we assume 

additionally that M is analytic, we call M^OqI) a linear material-law^ Moreover, as M (d^l 



is a function of 9q we obtain the translation invariance of M ^Oq , i.e. for each /i G M we 

have ThM (j^ol^ — (j^Ou^ '^h^ where by we denote the translation operator on H^^QiM; H) 
given by (r/iu) (t) := u{t + h) for u G i^,y,o(IR; and t G M. 



2.2 Maximal monotone relations 



We recall the notion of monotone and maximal monotone relations in Hilbert spaces. Moreover 
we state Minty's famous theorem, which gives a characterization of maximal monotonicity, 
which will be frequently used in the forthcoming parts. Additionally, we recall the definition 
of the Yosida-approximation of a maximal monotone relation and state a well-known pertur- 
bation result, which will be the key argument for proving our solution theory for inclusions of 
the form ([1]). Throughout let H he a Hilbert space and H ® H he a binary relation. 

Definition. The relation A is called monotone, if for each (x,y) G A the inequality 

9^e(M — x\v — y) > 

holds. We call A maximal monotone, if A is monotone and there exists no proper monotone 
extension of A, i.e. for each monotone relation B H (B H with A <^ B it follows that A = B. 

*The analyticity yields, employing a Paley- Wiener- type result (cf. [23)1. the causality of the operator 
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2 Preliminaries 

From this definition we can immediately derive the demi-closedness of maximal monotone 
relations, which in particular means that if {un)neN and {vn)n£N are sequences in H such that 
Un ^ u and Vn ^ v and Vn) S A for each n € N, then (u, z;) € A. 

Before we state Minty's Theorem, we introduce a linear structure on the set of binary relations. 
Let Hq, Hi be two Hilbert spaces, B,C Hq © Hi and A E C. Then we define the relation 
AS + C C i^o © ^1 by 

\B + C :={ (n, v) e Hq® Hi \ 3x, y £ Hi : (n, x) G (n, y) G C, = Ax + y} . 

Moreover, for M C Hq and C Hi we set 

S[M] := {y e Hi\3x £ M : (x, y) G 5} , 
[iV]B := {x G I 3y G : (x, y) G 5} . 

For a monotone relation we can characterize the maximal monotonicity by using Minty's 
Theorem. A proof can be found for instance in |12| \T\ 126). 

Theorem 2.1 (G. Minty, |12)). Let A be monotone. Then the following statements are equiv- 
alent: 

(i) A is maximal monotone, 

(a) there exists A > such that (1 + \A) [H] = H, 
(Hi) for each X > it holds (1 + XA) [H] = H. 

Remark 2.2. Let A be maximal monotone. 

(a) Due to the monotonicity of A, the relation (1 + XA)~^ is right-unique for each A > 0, 
i.e. a mapping, whose domain equals H according to Theorem 12.11 Indeed, one can show 
that J\{A) := (1 + XA)~^ is Lipschitz-continuous with a Lipschitz-constant less than or 
equal to 1 (see e.g. \13\ Theorem 1.3], |26l Proposition 1.12]). Moreover, we define 
Ax '■= X~^ (1 — Jx{A)) for A > and obtain again a Lipschitz-continuous mapping with 
a Lipschitz-constant less than or equal to A~^. Furthermore, Ax is monotone for each 
A > 0. The mappings {Ax)xyQ are called the Yosida- approximation of A. Moreover, for 
each A > and x G H we have {Jx{A){x), Ax{x)) G A. 

(b) For X G [H]A the set ^[{x}] is convex and closed. Hence, we can find the element in 
^[{x}] possessing minimal norm, and we denote this element by ^''(x). Then one can 
show, that for each x G [H]A and A > the inequality |j4a(x)| < |j4''(x)| holds (see |13| 
Theorem 1.3], |26| Proposition 1.12]). 

Finally, we want to state two perturbation results for maximal monotone relations. If A, B CI 
H (B H are two monotone relations, then clearly ^4 + i? is also monotone. However, in general 
the sum of two maximal monotone relations is not maximal monotone again. So the question 
is: If A and B are maximal monotone, when is A + B maximal monotone? A positive answer 
can be given, if one of the relations is a Lipschitz-continuous mapping defined on the whole 
space H. 

Lemma 2.3. Let A be maximal monotone and B : H ^ H monotone and Lipschitz-continuous. 
Then A + B is maximal monotone. 
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2.3 Abstract boundary data spaces 

The proof is based on an application of the contraction mapping theorem and can be found 
for instance in [TJ Lemme 2.4] or in |26| Lemma 1.15]. If A and B are maximal monotone 
relations in H, we can use the previous lemma and the fact that Bx is monotone and Lipschitz- 
continuous for each A > to derive the following perturbation result. 

Proposition 2.4. Let A, B C H (B H be maximal monotone and y € H. For A > define 
xx := {I + A + Bx)~^ (y)- If sup x>o < oo, then ixx)xyo (converges to some x £ H as 

A —7- with {x,y) G 1 + A + B. In particular A + B is maximal monotone. 

For a proof of this statement we refer to [5l Lemma 7.41] or \26\ Lemma 1.17]. 

2.3 Abstract boundary data spaces 

The last concept we need for our main results are so-called abstract boundary data spaces, 
introduced in |20j . Let Hq,Hi be two Hilbert spaces and Gc ^ Hq © Hi,Dc CI Hi © Hq be 
two densely defined closed linear operators. Moreover, assume that Gc and are formally 
skew-adjoint, i.e. Gc C (—Dc)* —■ G, which also yields Dc ^ {—Gc)* —■ -00 If we equip the 
domains of G and D with their respective graph-norms, we get that T>{Gc) and T>{Dc) are 
closed linear subspaces of T>{G) and T>{D) and hence, the projection theorem yields 

V{G) :=V{Gc)(BV{Gc)^, 
V{D) ■.= V{Dc)®V{Dc)^, 

where the orthocomplements have to be taken with respect to the inner products induced by 
the graph norms of G and D, respectively. An easy computation yields 

BV{G) ■.= V{Gc)^ = m]{l-DG), 
BV{D) := V{Dc)^ = [{0}](1 - GD). 

The spaces BT>{G) and BT>{D) are called abstract boundary data spaces of G and D, respec- 
tivelyi Clearly, G[BV{G)] C BV{D) and D[BV{D)] C BV{G). We define the operators 

G :BV{G) -^BV{D), 
D : BV{D) BV{G), 

as the respective restrictions of G and D. As BT>{G) and BT>{D) are closed subspaces of 'D(G) 
and T>{D), respectively, they inherit the Hilbert space structure from these supersets. With 

^As a typical example one can think of Gc and Dc as the closure of the gradient and the divergence on L2, 
defined on test-functions. Then the adjoints G and D are nothing but the usual weak gradient and weak 
divergence in L2 (see Subsection 4.2). 

®In applications, where Gc and Dc will be defined as the closure of differential operators, defined on test 
functions, the elements of the domains of Gc and Dc can be interpreted as those elements in the domain of 
G and D with vanishing traces. For instance, if Gc is the closure of the gradient defined on test-functions, 
then T>{Gc) is the classical Sobolev-space 14^2^,0 1 i-e. the space of weakly differentiable functions in L2 with 
vanishing traces. Hence, the boundary values of a function in T'{G) just depend on the boundary values of 
its projection onto BV{G). 
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3 Evolutionary inclusions 



respect to these topologies, the operators G and D enjoy a surprising property. 

Proposition 2.5 ( \20\ Theorem 5.2]). The operators G and D are unitary. Furthermore, 
{ g\ = D and so ( d] = G. 



3 Evolutionary inclusions 



Let H he a, Hilbert space. In this section we study evolutionary inclusions of the form 



{u, f) G do,uM{d^l) + A, (4) 

where M : ^) — t- L{H) is a linear material law for some > and A C ifj^ o(I^) H) © 

Hi,fi{E.] H) is an autonomous maximal monotone relation, i.e. A is maximal monotone and for 
each /i G M and (u, v) ^ A\t follows that {u{- + h),v{- + h)) G A. The function / G Ht,fi{R- H) 
is a given source term and u G Hjjfi{K] H) is the unknown. We address the question of well- 

posedness of this problem, i.e. we show the uniqueness, existence and continuous dependence 

-1 



of a solution u on the given data /. More precisely, we show that ydQ^yM{dQ]^) + ^ j is 
a Lipschitz-continuous mapping, whose domain is the whole space Hi,q{M.;H). The second 

property we consider, :s causahty of the solut^on operator (do,.M{d^l) + A 



3.1 Well-posedness 

This subsection is devoted to the well-posedness of differential inclusions of the form (jH). 
Throughout, let H he a. Hilbert space, M : (2^, ^) — )• L{H) a bounded strongly measur- 
able function for some > and A C Hi,^q{M.] H) ® Hyfl{M.] H). 

Hypotheses. We say that M and A satisfy the hypotheses (HI), (H2) and (H3) respectively, 
if 

(HI) there exists c > such that for all z G -Be ^) the inequality IHe z~^M{z) > c holds. 

(H2) A is maximal monotone and autonomous, i.e. for every /i G M and (n, -y) G ^ we have 
{u{- + h),v{- + h)) G A. 

(H3) for aU {u,v), {x,y) G A the estimate J^^d\t{u{t) - x{t)\v{t) - y{t))e~'^''^dt > holds. 
Remark 3.1. 

(a) A typical example for an autonomous maximal monotone relation is the extension of a 
maximal monotone relation B H (B H, given by 

A := {{u, v) G H^fiC^; H) © H^fl{^- H) \ {u{t),v{t)) G B for almost every t G M}. 

If one assumes that (0,0) G B, then A is maximal monotone (cf. |13| p. 31]). 



10 



3. 1 Well-posedness 



(b) In case of A being the canonical extension of a skew-selfadjoint operator on H, the evolu- 
tionary problem dU was originally considered by Picard in several works (cf. \lb \ \TU [ \TE\). 
The more general case of an autonomous operator A : D{A) C Hi^^q{M; H) — ?• Hi^^q{M; H) 
was treated in |17| . 

(c) If A is the extension of a maximal monotone relation B ^ H ® H (compare (a)) and 
M(5(^^) is of the particular form M(9(^^) = Mq + d^^^Mi, the problem was addressed by 
the author in |27| . Indeed, in |27| the inclusion was studied on the half line ]R>o instead 
of M, which in particular implies that one can omit the additional assumption (0, 0) G S 
in (a) in order to obtain the maximal monotonicity of the extension A. 

First, we state the following simple, but useful observation. 

Lemma 3.2. Let v > Q and T G L{H^^q{'^\ H)). Assume that Tdo^y C do^yT. Then V{do^y) 
is a core of do^^T and [do^yT)* = d^^^T*. 

Proof. Let u £ V{do^yT), i.e. Tu £ V{do^u). For e > we define := {l + edo^u)~^u G P(9o,v) 
and we obtain that — )• n as e — t- as well as 

do,yTue = do,yT{l + edo,y)-\ = (1 + edo,y)~^do,yTu do,uTu {e 0). 



In particular, this yields that d^^yT = Tdo,u and hence, 

(5o,.r)* = {Tdo,ur = d*o,uT*. □ 

Lemma 3.3. Assume that M satisfies (HI). Then do^i,M{dQ^) — c is a maximal monotone 
operator in H^^oiM; H). 



Proof. Using the unitary equivalence of do^yM{dQl) in HyfiiW; H) and (im + z/)M y-g^^j^ 
in L2(M;//), where m denotes the multiplication- by-the-argument operator (see Subsection 
2.1), it suffices to prove the maximal monotonicity of (im + u) M ^ im+u ) ~ ^ L2(M;//). 
The monotonicity follows immediately from (HI). Furthermore, by (HI) we get the strict 
monotonicity of ^(im + i') M = {—im + i')M ^ ^^^^ ^ , where for u G L2{M;H) 

and almost every t G M we have that (^M (^^^^ * uj (t) = M (^j^^) * u{t). The latter implies 

that the operator (im + v) M ^ i^+iy ^ ^ dense range, which gives, using the closedness and 

the continuous invertibility of the operator, that (im + v) M ^ .^^^ ^ is onto. Hence Theorem 
12.11 vields the assertion. □ 

Proposition 3.4. Let B C Hy^Q{R]I{) ® he monotone and let M satisfy (HI). 

Then for each {u, /), {v,g) G Oq^^M [d^l, j + B the estimate 



holds. 
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3 Evolutionary inclusions 

Proof. Since the operator Bq^^M [d^]^ — c is monotone, according to Lemma 13.31 we ob- 
tain that d^^yM [BqI^ — c + -B is monotone. An easy argument, using the Cauchy-Schwarz- 
inequahty, yields the assertion. □ 

Remark 3.5. Proposition 13.41 especially yields the uniqueness and continuous dependence of a 
solution n of Q on the given right hand side /. 

The next proposition yields the existence of a solution of ^ for every right hand side / G 
Hyfi{M.;H). The proof uses the perturbation result given in Proposition 12.41 in order to show 
the existence of a solution for / G C^(M; H) and follows the same strategy as the one in |27| 
Proposition 4.6]. 

Proposition 3.6. Let M satisfy (HI ) and A satisfy (H2). Then for each f G C~(M; H) there 
exists u G Hyfl{]B.;H) such that 

(n, /) G do,uM (ao"^) + A. 



Proof. We replace A by its Yosida approximation Ax for A > 0, which is a Lipschitz-continuous 
monotone mapping on Hi^^iM; H). Then, using Lemma [3.3l and Lemma [2. 3 1 we find an element 
u\ G Hyfi{'K] H) such that 



, G 1 + ^ (5o,.M (^Q-i) -c + Ax), 



which is equivalent to 

(^^A, /) G 5o,.M (d^}) + Ax. (5) 



We prove that i^Ax (^a))a>o uniformly bounded. For that purpose let /i > 0. Then, using 
that Ax and Oq^^M (^OqI^ commute with the operator Th ■ H^^qCK; H) — H^^Qi^; H) given by 
{Thv) (t) := v(t + h) for t G M, t; G -^,^,0(1^; H), we obtain that 

{Thux, Thf) G do,uM (do^l^ + ^A- 
Since Ax is monotone. Proposition 13.41 vields 

\ThUX - Ux\H^oi^-H) < ~\'^hf - f\H^^oi^;H) 

and hence, using the mean-value inequality 



^ (ThUx - ux) 



1, 



< -|/'|ooV7^7(supp7) 

H,,o(M;H) C 



for each h > 0, where supp/ denotes the support of /. The latter gives, by choosing a 
weak-convergent subsequence of {tkUx — '^x))fiyQi that ux G D{do^i/) and that 

\do,uUx\H^^oiK:H) < ^IflooVfJ-iy (supp/) . 
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3.2 Causality 



Hence, using ([5]) we obtain 

< \f\H^,o{R]H) + 



-\f'\oo\/f^v (supp/) 



for each A > 0. Thus, Proposition 12.41 apphes and hence, we find an element u E Hi^fi(M;H) 
satisfying 

(n, i/^ G 1 + 1 (ao,.M (Sq-;^) - c + a) , 

which gives 

(n, /) e 5o,.M (ao"^) + ^. □ 



We summarize our findings of this subsection in the following theorem. 

Theorem 3.7 (Well-posedness of evolutionary inclusions). Let H be a Hilhert space, M : 
i?C (57;, ^) L{H) a bounded strongly measurable function for some > satisfying (HI) 
and A C Hyfi{M.]H) © Hj,fi{'M.\H) a relation satisfying (H2). Then for each f G Hi^fi{R;H) 
there exists a unique u G Hiy^Q{M; H) such that 



Moreover, ^q^^M ^(9q ^J, j + A j is Lip schitz- continuous with a Lipschitz constant less than 
or equal to i. 



3.2 Causality 



In this subsection we prove the causality of the solution operator ^5o,i/M + of an 

inclusion of the form ^ . First we give an equivalent condition for the causality of the operator 
^do^i^M (J)qI^^ , which will enable us to prove the causality for the case of non- vanishing A. 
The statement was already given in |26| Proposition 2.65] in a slightly more general version. 
However, for sake of completeness we present the proof. 

Lemma 3.8. Let u > and M : -Be (5^,^) — )• L{H) be a strongly measurable bounded 
mapping satisfying the hypothesis (HI). Then the following statements are equivalent: 

(i) the operator ^(?o,v-^ {pol^^ '■ ^uflO^'^H) — )• Hi^fi{M.;H) is causal, 

(ii) for every u £ V ^5o,iy-/Vf (^QqI^^ we have that 


J l^do^yM {d^^^ u{t) u{t)^ e-^"^ dt > c j {u{t)\u{t))e-'^''^ dt. 
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3 Evolutionary inclusions 



-1 



Proof. Assume that ydo^^M [9^1 jj is causal and let u G V {^do^uM [dQljj . We set v := 
do^yM ( BqIj ] u and obtain 



u 

j ^t/^do,uM (So"^) u{t)\ u{t)) e-^'^' dt 



IHc ( v{t) 



X(-oo, 0] {m) (do^uM (3^1) ) (x(-oo,o] {m)v) 



= 9\C (^X(-oo,0]("^)^^ 

Using Lemma 13.31 we get that 


J d\c[do,uM (Sq-^) uit)\u{t)) dt 



H,,o(M;H) 



( X(-oo,0]C 



m)v 



9o,^M ( df^ l ) ) (x(-oo,o] im)v) 



> C 



> c 



X(-oo, 



= c y |u(t)|^e-''^* dt. 

— oo 

Assume now that (ii) holds. Using that 5o,i/Af (9q^jJ,) is translation invariant, i.e. it commutes 
with the translation operator for each /i G R, the asserted inequality implies 

a a 

J d\e/^do,^M (do^l^ e^2^* dt>c J \u{t)fe-^''' dt (6) 

— oo — oo 

for each a G M, u G P (do^^M (dQ^^^ . Due to the linearity of (do,,/M (dol)^ it suffices 
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3.2 Causality 



to prove that X(-oo,a] ("i)/ = implies X{-oo,a]{m) {do,,yM / = for each / G 

H^^qCR;!!). So let / G HiyfiCK;!!) with X{-oo,a]i^)f = for some a G M and define u := 
do,.M (dol)Y^ f. Then © gives 



c j |n(t)|2e-2''* dt < y lHe(/(t)|n(t))e-2^* dt = 0, 

— oo — oo 

which implies X(-oo,a]('^)^ = 0- D 

i^emarA: 3.9. If M : -Be ^) ^ is a linear material law and satisfies the hypothesis 

(HI), then Lemma 13.81 gives that ^ holds for every u £ T> (j!)q^^M (pou^ every a G M, 

since the assumed analyticity for M yields the causality of (^do^i/M ((^ol^ ^ (see \15\ Lemma 
2.5]). 

Now we are able to show the causality of the solution operator associated to the evolutionary 
inclusion Q. 

Proposition 3.10 (Causality of evolutionary inclusions). Let H be a Hilbert space, z> > 
and M : B£ (^, ^) — t- L{H) a linear material law, satisfying hypothesis (HI). Furthermore 
let A C Hi,^q{M; H) © Hu^q{M; H) be a binary relation satisfying (H2) and (H3). Then, the 
solution operator 

(^do,,M (d^l^ + : i?,,o(M; H) ^ i/,,o(K; H), 

which exists according to Theorem \3. 7\ is causal. 

Proof. First note that due to the translation invariance of A and do,uM (j^qI^ it suffices to 
check that for f,gG H,^^q(M; H) satisfying X(_oo,o] ('^)(/ — 9) = we have that 

X(-oc,o] ("^) {do,uM (Sq-^) + A^ if) - (^do,,M (^Q-^) + A^ (g)^ = 0. 

So let f,g € H^fi{R-H) with X{-oo,o]{m)if - g) = 0. We choose sequences (/„)„gN and (g„)„gN 
in C^{R; H) C (do^^M (d^^^ + A^ [^r,.,o(M; H)] (see Proposition ESD such that /„ ^ / and 
dn ^ 9 ill Hi^^q{M; H) as n — 7- cxo. For n G N we define 



Ur,. : 



do,uM (d^),) + A) ifn), 



and due to the continuity of ^Oq^^M (^Oq + A^ we get that u„ — ^do,uM (^Oq + ^4^ (/) 
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as well as f.„ — )■ ^5o,i/M + ((7) in H^^qCR; H). We estimate, using Lemma [3.81 and 

(H3) 



9\t{Un{t) - Vnit)\fnit) - gn{t))e-^''' dt > C J \Un{t) - Vn{t)\^ 6"^'^' dt 



-oo 



for each n G N. Passing to the limit as ?i — )• oo gives 







do,uM (^Q-^) + if) - (^do,.M (^d^l) + A^ (g) 



2 



e"^^* dt < 0, 

which yields the causality. □ 

4 Nonlinear boundary conditions 

In this subsection we study a class of evolutionary equations, which covers evolutionary prob- 
lems with nonlinear boundary conditions, modelled by an inclusion on the boundary. Those 
equations occur for instance in the study of problems in elasticity with frictional boundary 
conditions, where the behaviour on the boundary is described by variational inequalities (cf. 
m [25l [13]) or by suitable differential inclusions (cf. |9l [11] [JO]). Moreover, since we consider 
operators acting in time and space, also problems with boundary conditions given by ordinary 
differential equations, delay equations or inclusions can be treated within our framework. 
Throughout let Hq and Hi be Hilbert spaces and Gc C Hq © Hi and C Hi © Hq two densely 
defined closed linear operators. Moreover assume that Gc and Dc are formally skew-adjoint, 
i.e. 

Gc C -{DcT =: G, 
Dc C -{GcT =: D. 

We do not distinguish notationally between the operators Gc,Dc,G and D and their canonical 
extensions to Hiyfi{M.; Hq) and H^^()(M.; Hi), respectively. Recall from Subsection 2.3 that 

BV{G) ■.= V{Gc)^ = m]{l-DG), 
BV{D) := V{Dc)^ = [{0}](1 - GD), 

where the orthocomplements are taken with respect to the inner products in T>{G) and 'D{D), 
respectively. We consider the foUowing operator A : 'D{A) C H^^o{R; HqQHi) — ^ Hi^^iR; HqQ 
Hi) given by 



V{A) := I (n, v) G F^,o (K; V{G) © V{D)) 
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4. 1 The proof of Theorem 4. 1 . 



Here h C H^q © H^fi {R;BV{G)) is a binary relation. We will show that under 

appropriate assumptions on h, the operator A satisfies the hypotheses (H2) and (H3) and thus 
Theorem 13.71 and Proposition 13. 10] are applicable. The first subsection is devoted to the proof 
of the following theorem. 

Theorem 4.1. If h satisfies the hypotheses (H2) or (H3), then so does A. 

In Subsection 4.2 we will illustrate the applicability of the abstract class of evolutionary 
inclusions of the form @ , where the relation A is an operator of the form given in ([7]) . 

4.1 The proof of Theorem 4.1 . 

We begin to show the monotonicity of A under the assumption that h is monotone. Indeed, 
we will show an equality, which will imply, despite the monotonicity of A, that A satisfies 
(H3) if h does. 

Lemma 4.2. Let {u,v), {x,y) G T^iA). Then for each a G M the following equality holds: 



-oo 

a 



/ {^BV[G){u{t)-<t)) 



D^BV[D){v{t)-y{t))) e-2-*dt. 

/ BV{G) 



In particular, if h is monotone, then so is A. 
Proof. Let a € M. Then we compute 



e-^'^' dt 

Ho® Hi 



'^'/(^(:)'"-^(:)H(:)'"-(:)K 

— oo 

a 

= D\t [ {D{v{t)-y{t))\u{t)-x{t))Hoe-^''' dt + d\t I {G {u{t) - x{t)) \v{t) - y{t)) H.e-^''' dt 



—oo — oo 

o 

: ine I {D {v{t) - y{t)) \u{t) - x{t)) u.e-'''' dt 

— oo 

a 

+ d\t j {GPbv{g) Ht) - x{t)) \v{t) - y(t))Hie-2-* dt 



+ j {G,{l-Pr,viG)){u{t)-x{t))\v{t)-y{t))^^e-^''' dt 

— oo 
a 

:5ne / {D{v{t)-y{t))\u{t)-x{t))Hoe~^''' dt 
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4 Nonlinear boundary conditions 



a 

+ I (GPsviG) Ht) - x{t)) \v{t) - y{t))H,e-^''' dt 

— oo 
a 

-d\t j {{l-PsviG)) {u{t)-x{t))\D{v{t)-y{t)))^^e-^'^' 

— oo 

a 

= D\t J {GPsT^^G) iuit)-xit))\vit)-yit))H,e-^''' dt 

— oo 

a 

+ J {Psv{G) {u{t)-x{t))\D{v{t)-y{t)))H,e-^''' dt 

— oo 

a 

= mt I {GPisv(G) Ht)-x{t))\Psj,^oMt)-ymH^e~^''' 

— oo 

a 

+ j {GPisv(G) Ht) - x{t)) I (1 - PeviD)) {v{t) - y{t)) > 

— oo 
a 

+ d\t j {PsviG) {u{t)-x{t))\DPi,j,^n) {v{t)-ymHoe-^''' 

— oo 
a 

+ J {P^T^^G) {u{t)-x{t))\D,{l-PsT,(^o)) {v{t)-y{t)))^^e-^-' dt 

— oo 
a 

= d\t I {GPsviG) Ht) - xit))\PsviDMt) - ymme-'"'' dt 

— oo 

a 

+ d\t j {Psv{G) {u{t) - x{t)) {v{t) - ymHoe-^"' dt 

— oo 
o 

= I {GPsviG) {u{t) - x{t))\GDPev[DMt) - ymu, 

— CO 

a 

+ d\t I {PsviG) Ht) - x{t)) \DPsv(D) {v{t) - ymHoe"^"' 

— oo 
a 

= D\t I (Pe^(G) {u{t) - x{t)) \DPsviD) iv{t) - y{t)) >^(^) dt 



H.e-"-' dt 

1 

HqC dt 



e-'"' dt 
Hoe"^"' dt 



-oo 



Ubv(G) Ht) - x{t)) DT,sv[D){v{t)-y{t))\ e-2-*dt. □ 

/ BV{G) 



Lemma 4.3. If the relation h is closed, then so is A. 
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4. 1 The proof of Theorem 4. 1 . 

Proof. Let be a sequence in 'D(A) such that Un ^ u,Vn ^ v as weh as 

Dvn — )• w and Gun — )• x in H^^q(E.;Hq) and i?^^o(I^i -f^i) respectively. Due to the closed- 
ness of G and D we obtain that u G i7i.,o(IK; ^(G)), i; G i/i,,o(IK; ^(-D)) and Gu = x,Dv = 
w. Note that this means that Un ^ u and w„ — t- -y in Hi^fi{M.;D{G)) and i7iy^o(l^) '^(-C)); 

respectively. The latter implies D TrQX){D)'^n — ^ D 'Kqx>{D)'v ^"^^ '^BV{G)'^n — ^ '^BV{G)'^ 

H^fi{]S.;BV{G)). Since T^BV{G)'^n-, D '^BV{D)^n & h for each n G N, the closedness of h 

( • \ 

yields I tti3x>{G)U, D t^bv{D)V I G h. This shows (n, G T){A) and hence, A is closed. □ 
Now we are able to state the main result of this subsection. 

Proposition 4.4. Let h he maximal monotone. Then A is maximal monotone, too. 

Proof. Since every maximal monotone relation is closed (in fact it is even demi-closed, see 
Subsection 2.2), the operator A is closed according to Lemma 14.31 Moreover, by Lemma 14.21 
A is monotone. Thus, by Theorem 12. 11 it suffices to prove that (1 + A) has a dense range. To 
this end let / G i?^,o(M; and g G F^,o(M; P(L>c)). We defintQ 

u:={l- DGcr'f - D{1 - GcDY^g G if.,o(M; 
v:={l- GcOy'g - G,{1 - DG.Y^f G if.,o(M; 

as well as 

^ ■■= -^*BV{D)G {I + hy' (^-Dttsv(d)GcU^ + ve H,,o{^;V{D)). 
We show that (u, v) G ^(A) and that {1 + A) ( ^] = ( ] ■ First, we compute 



V J \9 

u + Dv = {l- DGc)-'f - D{1 - GcD)-'g + D {{1 - G,D)-'g - Ge(l - DGc)-'f) 
= {l-DGc){l-DGc)-'f 
= /, 

and 

v + GcU = {l- G,D)-^g - G,(l - DG^y^f + G, ((1 - DG^y^f - D{1 - G.Dy^g) 
= {l-G,D){l-GcDy^g 
= 9- 



'^Note that 1 — GcD and 1 — DGc are boundedly invertible, since —GcD and —DGc are positive selfadjoint 
operators. 
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4 Nonlinear boundary conditions 



u 



Moreover, we get that 
u + Dv 

= ^BI5(G)(1 + ^)~^ (y-DTTBV{D)Gc^ +n + i:> ^-7rgp(^)G(l + ^-^ vrf;25(£,)Gcn^ + 

= S + = /, 
as well as 
v + Gu 

= V + GcU = 5, 

which shows that ^^"'"^^q^^^ ~ ^^^^ "-"^^^y thing which is left to show 

f ' \ 

is I T^BV(G)'^i D '7Tbt>{D)'V I G ^- Since u takes values in T){Gc) we get that 

'^BV(G)U = (1 + ^--C>7rex)(D)Gcn^ . (8) 

Using that 

'^l3V(D)GcD{l - GcD)~^g = -TrBV(D)9 + '^bv{D){'^ - GcD)~^g = 7rex)(D)(l - GcD)~'^g, 
we obtain 

T^BV{D)Gc^ = T^BV{D)Gc ((1 - BG.Y^f - D{1 - GcD)-^g) 

= '^BV{D)Gc (1 - DGc)"^ f - ■KBViD) (1 - GcDy^ g 

= -T^BV{D)V- 

Thus, we compute 

'^BV{D)V + Gt:bv(G)U 

= -G{l + h)-^ \ -DTiBV{D)Gc^\ +TiBV{D)V+G{l + h)-^ \ -DTiBV{D)Gc 



u 



'^BV{D)V = -'^BV{D)GcU, 
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4.2 Applications 



which gives 



D TTl3V{D)GcU. 



Together with ([8]) the latter yields 



T^BV{G)U = (l + h) Id TTi3V(D)V + T^BV{G)U 



) 



which is equivalent to {t^b'D{G)'^^ ^ '^B'D{D)'^) ^ h. 



□ 



Summarizing we have shown that if h satisfies the hypothesis (H3), then so does A, which 
follows by Lemma |4.2[ Moreover, it follows that if h satisfies (H2), then A satisfies (H2) as 
well. Indeed, the maximal monotonicity was shown in Proposition 14.41 while the statement 
that A is autonomous if h is autonomous follows directly by the definition of A. Hence, we 
have proved Theorem 14.11 

4.2 Applications 

In this subsection we apply our findings of the Sections 3 and 4.1 to two examples. The 
first problem is linear and deals with the model of acoustic waves with an impedance-type 
boundary condition (see |17|). The second one, describing a frictional contact problem for 
a visco-elastic medium, was also treated by Migorski et al. (see [9]) for an antiplane model, 
using a variational approach. 

Wave propagation with impedance-type boundary conditions 

Throughout let Vt C M". We define the following differential operators, which will play the 
role of G and D. 

Definition. We define grad^, as the closure of the operator 



Remark 4.5. The operators grad^ and divc are formally skew-adjoint and as above we set 
grad := — (diVc)* and div := — (grad^)* . Note that an element u lying in the domain of 
gradg satisfies the abstract Dirichlet-boundary condition "u = 0" on (90. Likewise, an element 
q £ D (diVc) satisfies the Neumann-boundary condition ^^q - N = 0" on in case of a smooth 
boundary dil, where N denotes the unit outer normal vector-field on dQ. The corresponding 



grad|c,oo(f,) : C^{n) C L2{n) ^ L^i^T 

(t> ^ (5i</')iG{l,...,n} 



and likewise diVc as the closure of 



n 
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4 Nonlinear boundary conditions 



boundary data spaces are given by SP(grad) = [{0}](1 — divgrad), the space of 1-harmonic 
functions on $7, and i3P(div) = [{0}](1 — graddiv). 

Following |17| we consider the following boundary value problem: 

Oq — div grad u = f on Q, (9) 
^dlMdo,l)u + grad n) • iV = on dQ. (10) 



Here a : Bc{r,r) — t- L(L2(f^)") is a linear material law for some r > 0, having the power 
series representation 

oo 

a(z)= J^afc(m)(z-r)^ (11) 

k=0 

where the a^s are Loo(f^)-vector fields, and ak{Tn) denotes the corresponding multiplication 
operator. Moreover we assume that diva^ E Loo(il) such that 

oo 

(diva) : Bc{r,r) 9 z ^ ^ (div a^) (m)(z - G L(L2(!7)) (12) 

gets bounded. We choose ^ > Using the product rule div ^o(9(7iI/)p^ = ^(diva) {d^l,)^ p + 
aidQ^) gradp for p G 'D(grad), we can establish a((?g'^) as a bounded operator 

a{d^^l) : i/,,o(M;P(grad)) ^ if,,o(M; P(div)). 
Moreover, one can show that a (8^1) [H^^ {R;V{gvadJ)] C H^^q {R;V{dwc)) ■ We define 



h : V{h) C //,,o(K;fiP(grad)) ^ H,fl{R;BV{grad)) by h := 5o,. div 7re^(div)a(9o;^)7r*^(g^^d) 
with maximal domain, which is a densely defined closed linear operator. Consider the operator 

A : V{A) C H^^Q (R; ^2(0) L2(f^)") ^ F^,o (M; L2(f^) ^2(1^)") 

n \ / div \ / n 
q J \grad J \ q 

where 



V{A) := { {u,q) £ H^^ (M; P (grad) P (div)) 



^ (^BX)(grad)^) = div7ri375(div)g 



Note that, by definition, the operator h is autonomous in the sense of (H2). The evolutionary 
equation for the boundary value problem Q, (fTO|) is then given by 



(9o. + A){l] = ('f). (13) 



Indeed, if J is a solution of (jl3p then we formally get that do,,/q + gradu = 0, which gives 
q = —Oq^ gradii. Moreover, the first line of (fT3|) gives dQ^i,u + div q = 0^^/. Hence, the formula 
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4.2 Applications 



for q yields d^^yU — QqI divgradn = Oq ^f, which gives ([9]). Moreover, by the domain of A we 
get that 



div7r5x>(div)9 = h (vri5X)(grad)'") 

= do^„ div7rg25(diy)a((9o^^)7rgj,(gj.^^)7rgx>(grad)^^ 



where in the third equahty we have used that a (d^lj [H^fl (M; P(gradJ)] C H^fl (M; P(divc)) . 
Since q = —d^l gradu the latter equation gives 

-do^l-^BVidiv) gradn = 7risv{div)a{dQ l)u, 

which is the appropriate formulation for the boundary condition (|10p within our framework. 
According to our findings in Subsection 4.1 it suffices to check, whether h satisfies the hy- 
potheses (H2) and (H3). In |17| we find an additional constraint on a((9f^jj,), namely 



5He / ({giadu\do,ua{dol)u)it) + {u\ div do,Mdol)u) {t)) e"''^* dt > (14) 



for all u G Hi^fi{M.;'D{graLd)) nP((9o,i/)- This condition implies the hypothesis (H3). Indeed, 
for u G V{dQ^y) n Hy^Q{M.]BV{gia,d)) we estimate 



dKt J {hu\u)sv{gr^d)it)e-^''^ dt 

— oo 



= j (^o,^divPep(div)a(ao"^)7r*^(grad)^ 

— oo 


= J (^BB(div)'9o,i.a(ao;^)7r^25(g^^d)^ grad7r^X)(grad)^) dt 



BI5(grad) 



(t) dt 



+ j (divPi5D(div)9o,z.a(<9oi)^BD(grad)^ 
— oo 


mt j (5o,r.a(c»o;^)7r*p(g^^d)U grad 7r*^(g^^d)'u^ (t) e"^'^* dt 

— oo 



-"^^ j (^■D{dive)5o,^a(5o~^)vr^i5(grad)^ grad^*^(g^^j)n^ (t)e-2''* dt 
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u 

— oo 


— oo 


— oo 



+ ^Re y (divao,^a(ao-^)^*^(g^^d)^ |4©(grad)^) (*) e"^''* dt 



-oo 



> 0. 

Since T){dQ^y)r\Hyfl{K] B'D(grad)) is a core of h, according to Lemma [3. 2 1 and since h commutes 
with the operators for each /i G M, this yields the monotonicity of h. For showing the 
maximal monotonicity of /i, we determine its adjoint. Using Lemma 13.21 we get that 

h* = dlvT^BV{gr^d)a{dQ),Y'K*Bv{diw) grad , 

and we obtain that V{dQ^u)r\H^fl{^;BV{g£ixA)) = V{dQ^^)r\H^fl{^;BV{gia.d)) is a core of h* . 
Hence, h* is monotone, since for each u G T){dQ,u) H Hyfl{K;BT){gra,d)) C T){h) we estimate 

^t{h*u\u) H,^o(^-BV(gra,d)) = '^^{u\hu) H,^Q(^-BV{gY-^d)) > 0. 

We summarize our findings in the following theorem. 

Theorem 4.6. Let a : Bc{r,r) — ^ L{L2{^)"') be of the form [Tl\) and let a satisfy [7g|) 
and Then the evolutionary equation il3\) is well-posed and the corresponding solution 

operator is causal. 

Proof. Since h and h* are monotone, we get the maximal monotonicity of h, since h is closed. 
Thus, h satisfies the hypotheses (H2) and (H3). Theorem 14.11 and Theorem 13.71 now give the 
well-posedness of (|13p and Proposition 13. 10] shows the causality of the solution operator. □ 



Visco-elasticity with frictional boundary conditions 

This subsection is devoted to the study of the following system: 

gdl,u-BwT = f, (15) 
T = CGTadu + DGTaddo,^u (16) 

on a domain il. C M" completed by a nonlinear boundary condition of the form 

(ao,.n, -T • iV) G g, (17) 
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4.2 Applications 



where g C Hyfi{M.\ L2{dQ)) (B Hi^fi{M.; L2{dQ)) and N denotes the outward unit normal vector- 
field on dfl. Here u £ H^fi(M; L2{i^)'^), denoting the displacement-field of the body O, and 
T S Hiy^Q{M; Hsymi^)), standing for the stress tensor, are the unknowns. Equation ()15p is 
the well-known equation of elasticity, describing the deformation of an elastic body with a 
density distribution g G Loo(f^), which is assumed to be real- valued and strictly positive. The 
operator Div denotes the divergence for symmetric-matrix-valued functions and the function 
/ G Hi^^q{M; L2{i^)"') is an external force. The constitutive relation ()16p . linking the stress T 
and the strain Gradu, where by Grad we denote the symmetrized Jacobian of a vector- valued 
function, is known as the Kelvin- Voigt model in visco-elasticity. Here C and D denote the 
elasticity and the viscosity tensor, respectively. The boundary condition (jl7p is motivated by 
so-called frictional boundary conditions, where g is usually a subgradient of a convex, lower 
semicontinuous function (due to Rockafellar and Tyrell |22j ) or a generalized gradient of a 
locally Lipschitz-continuous function (due to Clarke For typical examples of frictional 

boundary conditions in elasticity we refer to |25| p. 171 ff.] and to [HI Section 5]. 
A similar problem was treated in [9] for antiplane shear deformations, where the domain Q 
was assumed to be a cylinder in M^. In this case the displacement can be expressed by a 
scalar- valued function and hence, (jlSp reduces to an equation similar to ([9]). The boundary 
condition (|17p was assumed to hold on a part of the boundary, while on the other parts of 
Dirichlet- and Neumann-boundary conditions were prescribed. The relation g was assumed 
to be a generalized gradient of a locally Lipschitz-continuous function and the existence of a 
solution was proved, using a variational approach. The uniqueness of a solution was shown 
under the additional constraint that g is quasi-monotone (i.e. there exists some constant c > 
such that gf -|- c is monotone). Here, for simplicity we assume that (|17p holds on the whole 
boundary and that g satisfies a suitable monotonicity constraint. However, since our relation 
is allowed to act in time and space, it covers a broader class of possible boundary conditions. 
We begin by introducing the differential operators Grad and Div. 



Definition. Let il. C be open and denote by L2(S^)"'^"' the space of n x n-matrix- valued 
L2(fi)-functions equipped with the Frobenius inner product given by 

($1*) := j trace($(t)*^'(t)) dt {<^,^ G ^2(0)"^") . 
n 

Moreover, we set i^sym(f^) := { ^' G L2(fi)"''" | ^>(x)^ = $(x) (x G M a.e.)} , which is a 
closed subspace of L2(r2)"^" and hence, a Hilbert space. We define the operator grad^ as 
the closure of 

and divc as the closure of 

divb.om)nxn : Q°°(Or^" C L2(^^)''^" ^ L2(^^)" 



ie{l,...,n} 
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4 Nonlinear boundary conditions 



Furthermore, we introduce the operators Grade and Divc as the closures of 

Grad \c^^n)- : C^{nr C L2(0)" ^ H,y^{n) 

'1 

and of 



i)i€{l,...,n} ^ (l (di^j + dj(t'i) 



i,j£{l,...,n} 



je{l,...,n} 



respectivel}jf|. 



Remark 4.7. An easy computation shows that grad^ and diVc as well as Grade and DiVc are 
formally skew-adjoint and we define grad := (— diVc)* 2 grad^, div := (— grad^)* ^ diVc as 
well as Grad := — (DiVc)* 5 Grade and Div := — (Grade)* 5 DiVc . 

Throughout we may assume that P(Grad) ^ 'D(grad), i.e. Korn's inequality holds (for 
sufficient conditions for Korn's inequality we refer to [2] and the references therein). We rewrite 
the equations (|15p and (jl6p into a system of the form (jj]). We assume that D G L(//sym(^)) 
is a selfadjoint, strictly positive definite operator and hence, we may rewrite (|16p as follows 

T={C + Ddo,^) Gradu = dQ^yD{d^)^D^^C + 1) Grad u, 

which gives 

do lD-^T = [Oq Id-^C + 1) Gradu. 

If we choose > large enough, such that HD^^CH < v, the latter equation can be written 
as 

9ol (dolD~^C + l) D^^T = Grad u. 



Thus, the equations ()15p and ()16p can be replaced by the system 



( Sq-i (d^^lD-^C + l) 'd-^)^\ Grad J j \ -T J ' \ 



Div\\/t;\ // 



where v := do^pU. Hence, the material law A/(c?g ^J,) is given by 



According to the assumptions on q and D, this material law satisfies the hypothesis (HI) if 
we choose > large enough (this corresponds to the so-called 0-analytic case in |15)). 







By definition, elements of ©(Grade) and of ©(Divc) satisfy a generaUzed boundary condition of the form 
= on do. and ■ A'' = on for (f> £ ©(Grade) and $ £ ©(Divc), respectively, where A*' denotes the 
outward normal vector-field on dQ,. 
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4.2 Applications 



We now have to formulate the boundary condition ()17p in our framework. Since we do not 
want to impose regularity assumptions on the boundary dVt, we have to detour the space 
L2{dO,). Following [191 p. 16 ff.] we define the following substitute for L2{dVt). 



Definition. We assume that N G Loo(J^)" with divA^ G ^oo(^^)Il We define the operator 
V : ^P(grad) BV{div) by uf := ■KBV{Am) (/j^fc)j,feg{i, ...,«} 



and assume that 



div V + u* grad / 



This gives that {f,g) ^ \ \l vf 



f) >0 (/ G BP(grad) \ {0}). 

/ BX)(grad) 



grad g j + ( grad / 

/ B©(div) \ 

product on ;SP(grad) and we denote the completion of ;B'D(grad) with respect to this inner 
product by U. Moreover, we denote the embedding of BV^grad) into U by n. 



ug ) I defines an inner 

/ BX)(div)^ 



Remark 4.8. A formal calculation (see |19| Remark 5.2]) yields that in the case of a smooth 
boundary we have that 

{f\g)u = J fixYgix) dS{x). 
an 

We define the mapping j := '^'^B©(grad)'-^Jx'(Grad) ■ 'S'C(Grad) — t- U. Then, as it was pointed 

out in Remark 5.4], the term Grad j*u can be identified with u on dQ. This construction 
allows us to compare Dirichlet- and Neumann- type boundary values. 



Using this framework, we assume that g is a binary relation on H,jfi{M; U). Then the boundary 
condition (11711 can be formulated as 



{'^BViGriid)V,'n-BViDiv){-T)) G Grad j*gj, 

or equivalently as 

^T^BV{GTs.d)V, Div7rgB(Div)(-r)^ (^fgj- 
We define the operator A by 



V{A) := <^ {v,a) G //^,o(K; ^(Grad) P(Div)) 



7ri3D(Grad)'f, Div 7rf52)(Div)0- &fgj 



This could be interpreted as a "smooth" continuation of the outward normal vector field A'^ to the whole 
domain Q. 
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4 Nonlinear boundary conditions 
and consider the equation 

(*'^(oao-(8„>-'C.l)-'p-')"-^)(^)^(o)' 

which is, according to our findings, an appropriate reformulation of the problem given by 
()15p . ()16p and ()17p . Hence, we are in the situation of Subsection 4.1 and if we assume 
that fgj C F^_o(IR;SP(Grad))ei?^,o(IK;'SP(Grad)) satisfies the hypotheses (H2) and (H3), 
Theorem 14.11 applies, which gives the well-posedness and the causality of the problem. We 
summarize our findings in the following theorem. 

Theorem 4.9. Let v > ||D"^C|| he such that M{d^l), given by \18\). satisfies (HI) and let 
g C H^fi{M.;U) ® H^^o{R;U) be such that fgj C H^^o{R; BV{Giad)) i7^,o(K; SP(Grad)) 
satisfies the hypotheses (H2) and (H3). Then the problem given by ^EW> where A is defined 
by n9\) is well-posed and the corresponding solution operator is causal. 

In the last part of this subsection we will present a condition on g, which implies the maximal 
monotonicity of j*gj. 

In [3 the relation g is defined as the canonical extension (see Remark 13.11 (a)) of a quasi- 
monotone relation g on L2{dQ), which is given by 

g := {(n, v) G L2{dQ) © L2{da) \ {u{x),v{x)) e dj{x, •) (x e dVt a.e.)}, 

where •) : dVL x M — )• M is a suitable function, which is locally Lipschitz-continuous with 
respect to the second variable. Moreover it is assumed that [R]9j(^) •) = M for almost every 
X £ and that there exists c > such that for every ^ G R and every r/ S M satisfying 
(^,7/) € dj{x, ■) the estimate |r/| < c(l + |^|) holds. This gives that [L2{dQ)\g = L2{d^) and 
that ^ is a bounded relation, i.e. g[M] is bounded for bounded M. 

A suitable realization of these assumptions in our framework is given as follows. We assume 
that 5 C U ® U \s a maximal monotone bounded relation, satisfying \U]g = U and for 
technical reasons (0,0) G g. In the next lemma we show that these conditions imply that 
is maximal monotone, too. This would give that j*gj satisfies the hypotheses (H2) and (H3), 
where g C Hyfl{K] U) © Hy^iR] U) is the canonical extension of g. 

Lemma 4.10. Let Hi, H2 be two Hilbert spaces, T C Hi®Hi maximal monotone and bounded 
with (0,0) G T and [Hi]T = Hi. Moreover, let S G L{Hi,H2). Then STS* Q H2 ® H2 is 
maximal monotone. 

Proof. The monotonicity of STS* is clear. We will show that (1 + STS*) [H2] = H2, which 
implies the maximal monotonicity according to Theorem 12.11 Let / G H2. We replace the 
relation T by its Yosida-approximation Tx, which is monotone and Lipschitz-continuous with 
a Lipschitz-constant less than or equal to A~^. Hence, STxS* is monotone and Lipschitz- 
continuous with a Lipschitz-constant less than or equal to For /i < ||^|p the contraction 

mapping theorem yields the existence of an element x G H2 satisfying x + iJ,STx(S*x) = y. 
Hence, the mapping STxS* is maximal monotone and thus, for each A > there exists xx G H2 
with xx + STx{S*xx) = y- The latter can be written as xx = Ji{STxS*){y), which implies that 
I^^aI ^ \y\ for each A > 0, according to Remark 12.21 (a). Since T is bounded, this gives that 



28 



{Tx(S*xx) I A > 0} is bounded (see Remark 12.21 (b)). We will prove that (xa)a>o converges as 
A tends to 0. For A > we estimate 

- x^l"^ = yie{xx - x^\STfj,{S*x^) - STx{S*xx)) 
= mc{S*xx - S*x^\T^{S*x^) - Tx{S*xx)) 
= mc{XTx{S*xx) - fiTf,{S*x^)\T^{S*x^) - Tx{S*xx)) 

+ mz{Jx{T){S*xx) - MT){S*x^)\T^{S*x^) -Tx{S*xx)) 
< ^c{XTx{S*xx) - fiT^{S*x^)\T^{S*x,,) - Tx{S*xx)) 
<(A + /i)C7, 

for a suitable constant C > 0. This gives that (a;A)A>o converges to some x G Hi as A — t- 0. 
Moreover, \Jx{T){S*xx) - S*x\ < \Jx{T) {S*xx) - S*xx\ + \S*xx - S*x\ = X\Tx{S*xx)\ + 
\S*xx — S*x\ — )• as A — >• 0. Furthermore, since {Tx{S*Xx) | A > 0} is bounded there exists 
a weakly convergent subsequence {Tx„{S* xx„))nGn with A„ — t- as n — t- oo and we denote 
its weak limit hy z G Hi. Then, since {Jx(T) {S*xx) ,Tx{S*xx)) G T for each A > 0, the 
demi-closedness of T implies {S*x, z) G T. Since 

STx{S*xx) = y - XX ^ y - X, 

we have that Sz = y — x, which gives (x, y — x) £ STS* or equivalently (x, y) £ 1 + STS* . □ 
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